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Twist

* Let’s combine angular velocity and

called twist

V:

W
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e Twist can be defined in fixed frame or body frame

c RO

Spatial twist VS —

Body twist Vb —

inear velocity into a 6D vector
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Relationship between Spatial Twist and Body
Twist

* For angular velocity (,ds — wa 1= l([)% 219

* For linear velocity

0
Vs = —Ws X (s + U

S An additional
0>
Vp = —Wp X qp + Uy

q3 p— qu —I— p fug — Rfug X; Fixed frame
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The Screw Interpretation of a Twist

e Screw axis: motion of a screw

* Rotating about the axis while translating along the axis
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Screw axis S is the collection {q , }

| 5
30 xk/hsg /f—/:@ g € R

Twist about S with angular velocity £
h = pitch = -
linear speed/angular speed V o

is a point on the axis (any point is fine)
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The Screw Interpretation of a Twist

* Forany twist )) — (w fu) W # 0 W = 89
* These exists {C], h 6) U — —89 X q + hSQ

—wfwll  b=lwl  h=oTv/d

portion of v parallel to the screw axis

Aé < o — h Aé provides the portion of v orthogonal to the screw axis
— =0V —1Ns (choose q based on this term)
o — h = pitch = e
If W = O S — U/ ‘ | U H linear speed/angular speed infinity

f is interpreted as the linear velocity ||v|| along $




Twists Example

Single steerable
front wheel

* Pure Angular velocity W — 2 rad/S

Vp b _ _ — (2. —1.4.0
,\\ﬁ{b} o= (2,-1,0) 7= (2,—1.4,0)

b< '\v‘ Ws — (07 07 2) Wy = (0’ O’ _2)
’ -1 0 0 4 |
. T Rsb Psb o 0 1 0 0.4
RN\ sb o 1 | | 0 0 -1 0
r.(\j _________ I _____ I 0 0 0 1 |

Rotation axis Top view of a car

What are the linear velocities? ’US Ub




Twists Example

?Jb\ TYb * Pure Angular velocity W — 2 I‘ad/s

%%/‘ re =(2,—1,0) 1p = (2,—1.4,0)
’ ws = (0,0,2)  wp=(0,0,-2)
(\V%{, -1 0 0 4 |

A U I | 1{-. Ry psv | 0O 1 0 04
r® -k Lo [ 0 1 ] | 0 0 -1 0
Top view of a car 0 0 0 1
Linear velocity of the car T 0 ] 0
Vs = wg X (—Tg) =1 X ws = (—2,—4,0), . g » _02
Vs_lvs] —2 Vb:[v]_ 2.8
Vp — Wy X (—T’b) =Ty X Wy = (28,470)’ s . b ;
0 0




Cross Product

* Matrix notation

i 5 k
by by b3
axbh — L5) ﬂrai_ ai t‘113j ai ﬂ»zk
by b3 by b3 by by

= (a2bs — agby)i — (a1bs — agby)j + (a1bs — azb; )k

https://en.wikipedia.org/wiki/Cross product



https://en.wikipedia.org/wiki/Cross_product

Forward Kinematics with D-H Parameters

e Link frame transformation _ Jointi

Joint i-1

Ti—l,i — ROt(}A(7 O‘i—l)TranS(}A(, ai_l)TI'anS( )ROt( ¢z) Ny A

TOn(Qla ¢ oo 79?’1,) — TOl (01)T12(92) R Tn—l,n(gn)




-orward Kinematics: Product of Exponentials
-ormula

* Adifferent approach

* Define M to the position and
orientation of frame {4} when all the
joint angles are zeros (“home” or
“zero” position of the robot)

{1} {2} {3} {4}
{0}‘ 91=0 A 92=0 A 93=0 (X'y)

> r—— O— ) —{($)—
T o > 5

Forward kinematics of a 3R planar open chain. 100 Ll + L2 - L3
v | 010 0
10 0 1 0
0 0 0 1 _




Forward Kinematics

* Consider each revolute joint as a
zero-pitch (no additional linear
velocity) screw-axis expressed in the

{0} frame (fixed frame)
Planar 3R Arm with 65=30°,6,;=6,=0 - =

For joint 3 W 0
. ., O3 = [ ° ] wz = |0
Spatial twist U3 1
{4}(X.y) - -
=30° - O -
w @) By V3 = —W3 X (3
g — (9—6i=0 g v3 = |—(L1+ Le)
77 o L2 L3 g3 — (Ll -+ LQ, O, O) 0
Forward kinematics of a 3R planar open chain. 8
w3 1
83 - [ V3 :| - 0
—(L1 + Lo)
0




Forward Kinematics

* Consider each revolute joint as a
zero-pitch (no additional linear
Planar 3R Arm with 65=30°, 8, =6, = 0 velocity) screw-axis expressed in the
{0} frame (fixed frame)

o9 0 —1 0 0
1) 2) 3} w| v 1 0 0 —(Li+L
o} 8120 om0 e Ss] = [ [0] 0 ] ~lo 0 o0 ( 0 ?
s kD D—
77 L2 L3 O O O 0
Forward kinematics of a 3R planar open chain. TO4 _ 6[83]93M (fOI' 01 _ 92 _ O)

T(Q) — 6[5]9 _ [I+sin9[c’b] —|—O(1—COS¢9)[&‘J]2 (19+(1—0059)[@]1+(9—Sin9)[@]2)v

Exponential Coordinates of Rigid-Body Motions




Forward Kinematics

* Consider each revolute joint as a
zero-pitch (no additional linear
velocity) screw-axis expressed in the

Planar 3R Arm with 8, =30°, 65=30°, 6, =0 {0} frame (fixed frame)
{4}
' Y)
0 —1 0 0 |
1 0 0 —L
S2l=10 o o o
{1}
o} 6:=0 _0 0 0 0 |
/A 11

Forward kinematics of a 3R planar open chain.




Forward Kinematics

o R o )
e R e [

s R e ) e, o
o L S

Toy = 6[31]916[32]926[33]93M

a product of matrix exponentials
(does not use any frame references, only {0} and M)




Product of Exponentials Formula

0 0, e Each link apply a screw motion to all the outward links
n—2
j _________ * Base frame {s}

* End-effector frame {b}

[ £ MeSE3)

{b}in {s} when all the joint values are zeros
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elSn—210n—2o[Sn—1]0n—1,[S10n pf T — €[Sn]9nM

{b}in {s} when joint n with value Qn




Product of Exponentials Formula

T(Q) — 6[31]91 .. e[Sn—l]en—l e[sn]gnM

Joint values (91, Ce ,Qn)

* Space form of the product of exponentials formula

* Unlike D-H representation, no link reference
frames need to be defined




Product of Exponentials Formula

0, T(0) = el51101 6152102 053103 p 1
0 0 1 !
2 : 0 1 0 0
20 T M=1_1 00 -1,
[Yo//—— = = 0 0 0 1
%

S = (wi,v1) w; = (0,0,1) vy = (0,0,0)

2
@ wy = (0,—1,0) g2 = (L1,0,0)
/' « — T > vg = —wsy X qa = (0,0, —L1)

ALV VR ¥
03

X3

W3 = (1,0,0) g3 = (0,0, —Ls)
v3 = —ws3 X g3 = (0, —Lz,0)

A 3R spatial open chain




Product of Exponentials Formula
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A 3R spatial open chain




Can we use body twist?

R 0 x
Vs =[Adr, ]V, Adr] = { DR R } c R6*S
Additional results about twist (Lynch & Park 3.3.2) RR™! = (ws]
ws] v - RTR = )
V5] = { ()8 (; ] =TT~ ¢ se(3) |
v = 171
[Vb] _ |: [wb] Vp ] S T_lT — T_l [VS]T
bl V] =TV T™
T I




Screw Axes in the End-Effector Frame

* Proposition 3.10 (Lynch & Park) oM ™'PM _ pr-1.Ppp MeM PM _— Py
* PoE formula

5110 S0 [BZ-]:M_l[S,,;]M
@) = eotor.. -‘e - RM‘ B, = [Ady 1]S;, i = 1,....n
plS1101 MGM_l[Sn]MHn

_ oS0 M T [Sn—1]MOn—1 M [Sh] MOy

]\/_,61\4—1[51]J\4<91 _ M‘l[Sn_l]MQn_leM_l[Sn]MQn

o o e
— Me[Bl]Ql ... G[Bn—l]gn—l G[Bn]gn

) Screw axes Biin the end-effector (body) frame
Body form of the product of exponentials formula when the robot is at its zero position




Screw Axes in the End-Effector Frame

These 3 joints
are at the same
location

PoE forward kinematics for the 6R open chain

1 0 0 O
0 1 0 3L
M= 0O 0 1 O
0 0 0 1 |
1 (0,0,1) (0,0,0) 1 (0,0,1) | (—=3L,0,0)
2 (0,1,0) (0,0,0) 2 (0,1,0) (0,0,0)
3 (_13070) (09070) 3 (_11070) (0703 _3L)
4| (-=1,0,0) | (0,0,L) 4 || (=1,0,0) | (0,0,—2L)
51 (=1,0,0) | (0,0,2L) 5| (-1,0,0) | (0,0,—L)
6 (0,1,0) (0,0,0) 6 (0,1,0) (0,0,0)
Space form Body form




Screw Axes in the End-Effector Frame

1 0 0 0
0 1 0 0
M = 0 0 1 Ly+ Lo+ Ly
Wrist 0 0 0 1
J5,J6,J7 B -
¢ Wi = 45 mm B’L — (wiﬂvi)
Elbow J4 ) Wi U;
1| (0,0,1) (0,0,0)
F_ Shoulder 2 (0, 1, O) (Ll + L2 + Lg, 0, O)
Iy, 3 (0,0,1) (0,0,0)
4 (0,1,0) (L2+L3:0=W1)
51 (0,0,1) (0,0,0)
6 || (0,1,0) (L3,0,0)
71 (0,0,1) (0,0,0)

Barrett Technology’s WAM 7R robot arm at its
zero configuration




Screw Axes in the End-Effector Frame

Zp

X

Oy = 45° 0, = —45° 05 = —90°

0 0 —1 0.3157 ]

_ Bolw/4 —[Bylw/4 —~[Bs]w/2 _ | O 1 0 0
T(6) = Me ¢ ¢ =11 0 0 06571
00 0 1

Barrett Technology’s WAM 7R robot arm at its
zero configuration




summary

* Screw axis

* Product of Exponentials Formula Spatial twists
 Spatial form

* Body form




Further Reading

* Chapter 3 and Chapter 4 in Kevin M. Lynch and Frank C. Park. Modern
Robotics: Mechanics, Planning, and Control. 1st Edition, 2017
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